ABSTRACT. We In what follows, R is an associative ring with center C. The set of nilpotent elements is denoted by N; and for a subset S of R, the subring generated by S is denoted by <S>. The term zero divisor will mean a one-sided zero divisor (i.e. not necessarily a two-sided zero divisor), and 0 will be considered a zero divisor. For x e R, the symbols Ar(X A (x), and A(x) denote respectively the right, left, and two-sided annihilators of x. Finally, the symbols Z, Z n, and C(p) denote respectively the ring of integers, the ring of integers mod. n, and the Prefer p-group.
16A44, 16A70. i. INIRC.
Over the years, several authors have given sufficient conditions for a ring to be finite, these conditions typically involving restrictions on subrings or zero divisors. More recently, Putcha and Yaqub [i provided a sufficient condition for finiteness of a non-nil ring-specifically that the set of non-nilpotent elements be finite; and Bell [2] presented conditions implying that a ring is either cumutative or finite.
In this paper, we offer scme new conditions for a ring to be finite, and continue the developrent of the cummtative-or-finite theme. Scme of our results are extensions of known results; others, particularly those in the final section, are of a quite different character.
In what follows, R is an associative ring with center C. The set of nilpotent elements is denoted by N; and for a subset S of R, the subring generated by S is denoted by <S>. The term zero divisor will mean a one-sided zero divisor (i.e. not necessarily a two-sided zero divisor), and 0 will be considered a zero divisor. For x e R, the symbols Ar(X A (x), and A(x) denote respectively the right, left, and two-sided annihilators of x. Finally, the symbols Z, Z n, and C(p) denote respectively the ring of integers, the ring of integers mod. n, and the Prefer p-group.
We shall frequently have use for direct-sun deccmpositions of R, both as a ring and as an additive group. To make the distinction clear, we use the symbol to denote a ring-theoretic direct sun and the symbol to denote an additive-group direct sum. 2. A FINITENESS RESULT.
We begin by discussing rings in which certain subrings of zero divisors are assuned to be finite. Henceforth we may assune that R contains a non-central, non-nilpotent zero divisor. Therefore, R contains a non-zero ide,10otent zero divisor e, which we assume without loss to be a left zero divisor.
Let n(R) denote the nunber of proper non-central subrings of zero divisors. Assune now that the conclusion is false and that R is a counterexemple with n(R) minimal emong ccunterexamples.
If e e C, then R is the ring-theoretic direct sun of er and A(e), with one of these non-cummtative. Since both eR and A(e) are proper subrings of zero divisors, we have that n(eR), n(A(e)) < n(R). Whichever of these is non-cumutative must be finite; and by Lemna 4 (ii), the other is finite as well. Therefore e C, and we assune first that A(e) (0). Then eR and Re are both proper non-central subrings of zero divisors; moreover, if both were crmmatative, we would have ex exe xe for all x e R, contrary to the fact that e C. Thus we may assune that eR is not cumtative and n(eR) < n(R), so the minimality of n(R) implies that eR is finite. By Lemna 4 (i) and (iii), both Ar(e)e and A(e) are finite, hence R eR + Ar(e)e + A(e) is also finite.
Finally we assune that e C and A(e) (0). Then R eR Ar(e)e, with the latter being finite by Lemna 4 (iii). If Ar(e)e C_ C, then Ar(e)e [0), contradicting cur assunption that A(e) (0). Thus, assune that Ar(e)e C, in which case n(eR) < n(R) again. Therefore, eR is again finite or cumutative; and in view of Lenna 4 (iv), eR THCRM 5. If R has no non-zero nilpotent elements and only finitely many non-central subrings, then R is cumtative.
We shall make use of the following lesma. SOME CONDITIONS FOR FINITENESS AND COMMUTATIVITY OF RINGS 541 5. Let R be a ring wit/xt non-zero divisors of zero. If y E R and there exist relatively prime integers m, n such that E C and C, then y C. PRCDF. Let y be a non-zero element of R that satisfies ur hypothesis.
Assne without loss that n > m, and write n mq + r with 0 < r < m and q a positive integer. Observe that for all x in R, 0 r + rl.
Since q e C, it follows imnediately that q [x, yr] tK-ly g(y) . Therefore tK-ly C, which contradicts our asstmption that y C.
Oonsideration of (<y n e A) again implies the existence of integers n and m in A, with n < m, and a polyncmial p(X) Z[X], such that (y). Therefore -l(y n+Ip(y)) 0, and a standard computation (cf. [5] , proof of lanna 3) shows that y n+ip(y) is in N. But lanna 3 and the torsion-freeness of (R,+) imply that N c_ C, and once again R is ccnmtative by Herstein' PROOF. If S is an ideal, then R/S has no proper subrings; it is therefore finite, implying that R is also. let us asstne that R is a counterexample to the theorem with SI minimal mong counterexnples. Consider the Jacobson radical J(S), which is nilpotent, and J(S)R + S, which is a subring containing S. Maximality of S implies that either J(S)R + S S or J(S)R + S R. If we assume the latter, then R (J(S)R + S) c_ (J(S)(J(S)R + S) + S) c_ J(S) + S.
Repetition of this argument shows that R C_ J(S)nR + S for all positive integers n, and the nilpotency of J(S) then implies the ridiculous assertion that R c_ S. Therefore J(S)R + S S, implying that J(S)R is an ideal of S.
Since R is ccmmtative, J(S)R is nilpotent, which then implies that SOME CONDITIONS FOR FINITENESS AND COMMUTATIVITY OF RINGS 543 J(S)R c_ J(S) and hence J(S) is an ideal of R.
Note that R/J(S) has a finite maximal subring S/J(S). If IS/J(S)I < ISl, then, (by the minimality of ISl), R/J(S) is finite and R is also. Therefore we must have that J(S) {0}, so S is non-nil and contains a non-zero idempotent e.
Assume temporarily that e is a zero divisor in R, and suppose also that eR S. Then R eR + S and hence R/eR (eR + S)/ea S/(S n eR).
( 5.1) is finite. Since R eR @ A(e), (5. i) implies that A(e) is finite. Oonsidering eS as a subring of eR, we observe that eS eR or eS is a maximal subring of eR; and since we have assumed that eR S, the latter nst hold. If eSl < IS I, then again by the minimality of IS l, eR is finite and so is R. Thus asstrne that eS S, in which case the fact that S eS @ (A(e) N S) implies that A(e) N S {0}. Because A(e) {0} and S is a maximal subring, we have that R S + A(e), which implies that R is finite.
Therefore we may assne that eR c_ S implying, of course, that eR is finite. Since eR is an ideal of R, cr initial statement implies that eR mast be properly contained in S. Then S/eR is a maximal subring of R/eR with S/eR < Sl. Minimality of Sl implies that R/eR is finite and so is R.
It remains only to consider the case that all idempotents in S are regular in R. Since J(S) (0}, S is a direct product of finite fields. therefore, the regularity of idempotents forces S to be a finite field. For any x e RkS, we have <x,S> R (p(x):p(X) e SIX]}; hence, if x is algebraic over S, it is clear that R is finite. Cn the other hand, if x is not algebraic over S, then R is iscmorphic to SIX], which does not contain a finite maximal subring. In any event, we have contradicted ur assumption that R was a ccunterexample.
